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Abstract 
We solve the Schrodinger equation to obtain the energy eigenvalues expression of the screened 
Kratzer potential (SKP) model. With the energy eigenvalues, we evaluated for the partition 
function within the framework of superstatistics and extended to study the thermodynamic 
function for some selected diatomic molecules including HCl, LiH and 2H . The modified 
Dirac delta and uniform distribution comparatively in each case in the absence and the presence 
of the deformation parameter were considered. 
Key words: superstatistics; partition function; thermodynamic function; screened Kratzer 
potential; uniform distribution. 
PACS: 03.65.Ge, 03.65. Pm, 03.65.Ca, 02.30.Gp. 
1. Introduction 
The formulation of the Schrodinger equation by Erwin Schrodinger in 1926 has contributed 
immensely in the study of quantum mechanics. This arises from the various potential models 
proposed by researcher to study physical problems within the realms of relativistic and non-
relativistic quantum mechanics [1-20]. In addition, the solution of the Schrödinger equation has 
been extended to study to the various diatomic molecules and statistical mechanics of 
thermodynamic function obtained from partition function [21-24]. 
Thermodynamic properties have been explored vastly for various quantum system [25-27] and 
recently the superstatistics have been introduced to study the thermodynamic properties.  
Superstatistics is the superposition of two different statistics. Superstatistics was proposed by 
Wilk and Wlodarczyk [28]. Later on, Becks and Cohen [29] laid its formalism. The basic idea 
that motivated the formulation of superstatistics rest on finding techniques to address the 
complex physical systems. These complex systems are characterized by their non-equilibrium 
and stationary state that results from the fluctuation of varying spatiotemporal scales [30].  It is 
of note that the essential component of superstatistics is the intensive parameter, the fluctuation 
parameter  . Before now, investigations have been carried out within the confines of 
superstatistics [31- 37]. To mention a few; Okorie et al. [38] studied for the Dirac Delta and 
Uniform distribution for Modified Rosen-Morse potential, Sobhani et al. [39] used the 
harmonic oscillator to study the q-deformed superstatistics and ordinary statistics within the 
cosmic string, Sargolzaeipo et al. [40] investigated the deformed formalism for the different 
kinds of distribution, and Sattin [41] investigated the relationship between superstatistics and 
temperature fluctuation. 
In this study, we intend to examine the screened Kratzer potential (SKP) [42] of the deformed 
formalism and also for uniform distribution, taking into consideration lithium hydride  LiH , 
hydrogen chloride  HCl  and hydrogen dimer  2H  diatomic molecules. Thus our work 
would be presented as follow. Solution of Schrodinger equation of the SKP using factorization 
method [43] would be presented in section two. Thermodynamic properties for the modified 
Dirac delta and uniform distribution would be featured in section 3 and 4 respectively.  Section 
5 will be the application of the diatomic molecules of LiH, HCL and 
2H , and finally, Section 
6 is the conclusion of this study. 
 
2. Bound state solution of the Screened Krazter Potential (SKP)  
 
The Radial Schrodinger equation is given as [6], 
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Where   is the reduced mass, is the Planck constant, and E  is the energy of the system. 
The screened Kratzer potential is defined as [42], 
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e eB D r . eD is the dissociation energy, er is the equilibrium bond 
length, and  is the potential screening parameter.    
 
 
Fig. 1. Behavior of the different diatomic molecules for the SKP. 
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 Substituting eqn (1) into (2) to obtain, 
 
 
 
2 2 2
2 2 2 2
2
0
2 1
r
r
d r A B L
E e r
rdr r e


  




 
  
  
   
    

,                (3) 
where,  1L l l  . To solve for the approximate solution, we use the approximation scheme 
of Greene and Aldrich [43] and the coordinate transformation of rz e  .  We obtain the 
expression, 
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where,  
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Eqn (4) is further evaluated to obtain 
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The hypergeometric equation obtained as, 
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where  we have introduced the following notations for mathematical simplicity; 
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Eqn (7) is solved by factorization method [44] and the energy eigenvalue expression is obtained 
as, 
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The corresponding expression for the wavefunction is obtained as, 
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nN  is the 
normalization constant and  and   are in atomic units. 
3. Thermodynamic properties of the modified Dirac delta distribution 
In term of the modified Dirac delta statistical model, the Boltzmann factor is defined as [38], 
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where q is defined as the deformed parameter and lies between zero and unity. For 0q  , (9) 
reduces to normal statistics. The parameter   is the fluctuation parameter and it is an inverse 
relation of the Boltzmann constant, 
bK  is taken as unity, and temperature T in Kelvin as, 
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                      (14) 
To examine the thermodynamic function for the deformed statistics, we would obtain the 
partition function. The partition function is defined as, 
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Substituting eqn (8) into (11), we obtain the expression, 
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The DawsonF is the Dawson integral given by 
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4. Thermodynamic properties for normal distribution 
The uniform distribution for a parameter 0  is defined as [38] 
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where   is within the interval [ , ]x x y  and zero elsewhere. In terms of Boltzmann factor 
is expressed as [58,45], 
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where, 0b  reduces to the normal statistics. The partition function for uniform 
distribution is, 
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The thermodynamic properties in terms of partition function  Z   are, 
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The thermodynamic function of the deformed distribution and normal distribution will be 
evaluated from eqns (25) – (28). 
 
5. Applications  
We examine the thermodynamic properties for the diatomic molecules  of LiH , HCl  and 
2H . We consider the spectroscopic parameters for SKP in (1) [42, 46] for 0.0197329 as 
shown in the table below. 
 
Table 1: Spectroscopic parameter of some selected diatomic molecules 
Molecules        eD eV               er A                    . .a m u  
HCl             4.619030905          1.2746            0.09129614886  
 
LiH              2.5152672118        1.5956            0.08198284801  
 
2H               4.7446                   0.7416             0.04693891556  
 
 
 
We evaluated for the partition function using the energy eigenvalue obtained SKP in eqn (11) 
for 0l  . The expression is presented in eqn (16).  The partition function obtained was used 
for the analysis of  thermodynamic properties as seen in eqns (25) through (28) for the diatomic 
molecules of LiH , HCl , and 
2H in terms of the q-deformed distribution and uniform 
distribution for various values of  and bq , where the values of  and bq  lies between zero 
and unity. We performed graphical analysis to observe their comparative behavior in the 
absence  0q b   and as well in the presence of  and q b  parameters . Fig 2 are various 
behaviors of the partition function of the of LiH , HCl  and 
2H  molecules. The diatomic 
molecules were observed to possess similar characteristics in the presence and absence of the 
q deformed parameter. As value of q increased, the partition function showed and inverse 
relation to  , the inverse temperature. It was also observed that in the presence of q , as it 
increases it moves downward. In fig 3, we studied the behavior the diatomic molecules would 
exhibit for free energy and we observed a gradual exponential decay along   for the various 
values of q . In the presence of q , as the values of q  is increased, it moves upward. Fig 4, is 
the entropy behavior for the various diatomic molecules. In the absence and presence of q
show a striking dissimilarities. For 0q  what occurred was a monotonic decreases along  . 
In the presence of q , there was a steep decrease and a gradual rise occurred afterwards. This 
changes occurred between 0.2   and 0.4  for the different diatomic molecules. Fig 5 
and 6 are the plots of the mean energy and specific capacity for the various diatomic molecules. 
Both thermodynamic function took  
    
  
 
Fig 2. Partition function for the q deformed distribution for the diatomic molecules of LiH , 
HCl  and 
2H  
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Fig 3. Free energy  for the diatomic molecules for the q deformed  distribution for the various 
diatomic molecules of LiH , HCl  and 
2H  
 
 
Fig.4. Entropy of the q deformed distribution for the various diatomic molecule of  LiH , 
HCl , and 
2H  
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Fig. 5. Mean energy of the q deformed distribution for the diatomic molecules of LiH , HCl , 
and 
2H  
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Fig. 6. Specific capacity of the q deformed distribution for the diatomic molecules of LiH , 
HCl  and 
2H  
  
 
to an exponential increasing manner and in the absence and presence of q . For the increasing 
values of q , it took to an steeper exponential rise. Figures 7 to 10 are the various plots of the 
uniform distribution for the various thermodynamic properties for the diatomic molecules of 
2,  ,  and LiH HCl H . We plotted for the partition function in fig. 7, unlike the deformed 
counterpart in fig 2, the decrease was not linear but the representation shows a monotonic 
decreasing partition function in the forward direction. The free energy plot in fig. 8, as it is it 
in free energy in modified Dirac delta distribution of fig. 3, so it is in uniform distribution as 
their  behavior exhibited similar characteristics and the absence and presence of b . At 0b  
in fig 9, for an increasing entropy function, it witnessed a gradual exponential decay, however, 
in the presence of b , as the entropy increased gradually and then a steep rise. In fig 10, and 11, 
the mean energy and specific capacity respectively, showed a similar increasing gradient as the 
values of b  increased.  
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Fig. 7. Partition function of the uniform distribution for the diatomic molecules of of LiH , 
HCl  and 
2H  
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Fig. 8. Free energy of  uniform distribution for the diatomic molecules of LiH , HCl  and 
2H  
  
  
 
Fig 9. Entropy of the uniform distribution for the various diatomic molecules of LiH , HCl  
and 
2H  
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Fig 10. Mean energy of uniform distribution for the diatomic molecules of LiH , HCl  and 
2H  
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Fig 11. Specific capacity of uniform distribution for the diatomic molecules of LiH , HCl  
and 
2H  
 
6. Conclusion 
In this work, the eigenvalues obtained for the for SKP to evaluate for the partition function 
within the framework of the deformed formalism. The result obtained was used for examine 
thermodynamic properties for the modified Dirac delta and the uniform distribution for the 
diatomic molecules of LiH , HCl  and 
2H . We have studied their behaviors in the absence 
(normal distribution) and also in the presence of the   q and b  parameters and observed them 
comparatively for the different thermodynamic function.  
 
 
 
 
 
 
 
 
b 0
b 0.5
b 0.9
0.0 0.1 0.2 0.3 0.4 0.5 0.6
0
200000
400000
600000
800000
C
b
HCl
b 0
b 0.5
b 0.9
0.0 0.2 0.4 0.6 0.8 1.0
0
200000
400000
600000
800000
1.0 106
1.2 106
C
b
LiH
b 0
b 0.5
b 0.9
0.0 0.2 0.4 0.6 0.8 1.0
0
200000
400000
600000
800000
1.0 106
1.2 106
C
b
H2
References 
[1] S. A. Najafizade, H. Hassanabdi and S. Zarrikamar, Chin. Phys. B 25, 040301 (2016)  
[2] S. Liu, J. Chem. Phys. 126, 191107 (2007)  
[3] C. O. Edet, P. O. Okoi, A. S. Yusuf, P. O. Ushie and P. O. Amadi. Indian J Phys. (2020) 
      https://doi.org/10.1007/s12648-019-01650-0 
[4] R. V. Torres, G. H. Sun and S. H. Dong, Phys. Scr. 90, 035205 (2015)  
[5] G. H. Sun, M. Avila Aoki and S. H. Dong, Chin. Phys. B 22, 050302 (2013)  
[6] A. N. Ikot, E.O. Chukwuocha, M. C Onyeaju, C.A Onate, B. I. Ita and M. E. Udoh, 
Pramana-J Phys. 90, 22 (2018)  
[7] U. S. Okorie, E. E. Ibekwe, A. N. Ikot, M. C. Onyeaju and E.O. Chukwuocha, J Kor Phys 
Soc 79, 1211 (2018)  
[8] U. S. Okorie, A. N. Ikot, M. C. Onyeaju and E. O. Chukwuocha, Rev. Mex. Fis. 64, 608 
(2018)  
[9] S. M. Ikhdair and R. Sever, Theochem 855, 13 (2008)  
[10] S. M. Ikdair, B. J. Falaye and M. Hazamvi, Ann.Phys.353, 282 (2015)  
[11] A. N. Ikot, U. S. Okorie, A. T. Ngiangia, C. A. Onate, C. O. Edet, I. O. Akpan, P. O. 
Amadi. 45, 65 (2020) 
[12] M. S. Tan, S. He, and C. S. Jia, Eur. Phys. J. Plus 129, 264 (2014)  
[13] K. J. Oyewumi, O. J. Oluwadare, K. D. Sen  and O. A. Babalola J Math Chem 51, 976 
(2013)  
[14] O. Mustafa, Phys Scri, 90, 065002 (2015). 
[15] A. N. Ikot, U. S. Okorie, C. A. Onate, M. C. Onyeaju and H. Hassanabadi, Can. J. Phys.       
(2018) https://doi.org/10.1139/cjp-2018-0535  
[16] A. N. Ikot, H. Hassanabadi, H. P. Obong. Chin. Phy. B 23, 120303 (2014)  
[17] A. K. Roy, Int. J. Quant. Chem 114, 383 (2014)  
[18] C. O. Edet, U. S. Okorie, A T. Ngiangia, A. N. Ikot. Ind. J. Phy. doi:10.1007/s12648-019-
01477-9 (2019)  
[19] S. M. Ikhdair and R. Sever, Theochem 806, 155 (2007)  
[20] H. Hassanabadi, E. Maghsoodi and S. Zarrinkamar, Ann. Phys (Berlin) (2013), 
doi:10.1002/andp.2013001202 
[21] U. S. Okorie, A. N. Ikot, M. C. Onyeaju and E. O. Chukwuocha (2018) J. Mol Mod 24, 
289 (2018)  
[22] C. S. Jia, L.H. Zhang, C. W. Wang, Chem. Phys. Letts. 667, 211 (2017). 
[23] C. S. Jia, J. W. Dia, L.-H. Zhang, Phys. Letts. A. 379, 137 (2015)  
[24] C. O. Edet, P. O.  Amadi, A. N. Ikot, U. S. Okorie, A.  Tas, and G. J. Rampho, arXiv 
preprint arXiv:1912.00148 (2019). 
[25] G. Ovando, J. J.  Pena and J. Morale, Theor. Chem. Acc, 135, 81 (2016)  
[26] S. H. Dong and M. Cruz-Irison, J. Math. Chem. 50, 881, (2012) 
[27] H. Yanar, O. Ayogdu, and M. Salti, Mol. Phys. 114, 313 (2016) 
[28] G. Wilk and Z. Wlodarczyk, Phys. Rev. Lett. 84, 2770 (2002)  
[29] C. Beck and E. G. D. Cohen, Physica A 322, 267 (2003)  
[31] C. Beck continuum Mech. Thermodyn. 16 (2004) 293 
[32] S. Rizzo and A. Rapisarda, AIP 176, 742 (2004).  
[33] A. M. Reynolds, Phys. Rev. Lett. 91, 08450 (2003). 
[34] M. Auloos and K. Ivanova, Phys. Rev. E 68, 046122 (2003). 
[35] C. Tasllis and A. M. C. Souza, Phys. Rev 67, 026106 (2003). 
[36]  A. M. Reynolds, Phys. Rev. Lett. 91, 084503 (2003).  
[37] S. Sargolzaeipor, H. Hassanabadi and W. S. Chung, Mod. Phys. Lett. 33, 1850060 (2018) 
. 
[38] U. S. Okorie, A. N. Ikot, G. J. Rampho, R. Sever, Commun. Theor. Phys. 71, 10 (2019).  
[39] H. Sobhani, H. Hassanabadi, and W. S. Chung. Euro. Phys. J. C 78, 106 (2018). 
[40] S. Sargolzaeipor, H. Hassanabadi, and W. S. Chung. Euro. Phys. J. Plus 133, 5 (2018). 
[41] F. Sattin. Phys. Lett. A 382, 2551 (2018) 
[42] A. N. Ikot, U. S. Okorie, R. Sever, and G. J. Rampho, Eur. Phys. J. Plus. 134, 386 (2019). 
 [43] R. L. Greene, and C. Aldrich.  Phys. Rev. A. 14, 2363 (1976)  
[43] S. H. Dong. Factorization Method in Quantum Mechanics. Springer-Verlag, Berlin. 2007 
[45] S. Sargolzaeipor, H. Hassanabadi and W. S. Chung, Euro. Phys. Plus 33, 125 (2018). 
[46] C. Birkdemir, A. Birkdemir and J. Han, Chem. Phys. Lett. 417, 326 (2006). 
 
